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We prove a version of Bell’s Theorem in which the Locality assumption is weakened. We start by assuming
theoretical quantum mechanics and weak forms of relativistic causality and of realism (essentially the fact
that observable values are well defined independently of whether or not they are measured). Under these
hypotheses, we show that only one of the correlation functions that can be formulated in the framework of
the usual Bell theorem is unknown. We prove that this unknown function must be differentiable at certain
angular configuration points that include the origin. We also prove that, if this correlation is assumed to be
twice differentiable at the origin, then we arrive at a version of Bell’s theorem. On the one hand, we are
showing that any realistic theory of quantum mechanics which incorporates the kinematic aspects of relativity
must lead to this type of rough correlation function that is once but not twice differentiable. On the other
hand, this study brings us a single degree of differentiability away from a relativistic von Neumann no hidden
variables theorem.
I. INTRODUCTION
One interpretation of Bell’s Theorem [1], [2] establishes
that quantum mechanics (QM) is incompatible with the
conjunction of locality (the absence of any causal relation
between events that are space-like separated in the usual
sense within the kinematics of special relativity (SR))
and some form of realism (according to which, colloqui-
ally speaking, values of observables are well defined in-
dependently of their measurement; see a more detailed
discussion below). We refer the reader to the 2014 vol-
ume of Journal of Physics A devoted to “50 years of Bell’s
theorem” [3] and references therein for recent disputes on
the nature of the content and on implications of Bell’s
theorem.
A related theoretical question that goes back to the
early days of modern quantum mechanics reads: Is there
a realistic theory compatible with what we know of mi-
croscopic physics? In a language that was important
at the time of [4], about 6 years after the formulation
of QM, the question reads: Is there a predictive hidden
variables theory with averages predicted by QM (and fully
consistent with all that is known of microphysics [5])? A
negative answer would close an old wound: the proof of
von Neumann’ 1932 theorem [4] on the non-existence of
hidden variables is faulty [6], [7]. The mistake in [4] has
so far not been fully repaired. Of course, realism is ruled
out by the Bell-Kochen-Specker theorems [8], now even
proven in forms [9] that permit experimental verification
[10], but this is under an assumption, non-contextuality,
that is stronger (or rather less compelling) than locality
as already discussed by Bell [7] (cf. [2]).
In this paper we assume classical microscopic realism
(CMR, see Section III) and look for extra hypotheses as
weak as we can find to get a theoretical contradiction
as in usual Bell theory. The assumptions made in this
paper, to be discussed below, are proven to be weaker
than locality and also to allow for possible contextuality.
More precisely, we introduce the Restricted Effect-
After-Cause Principle (REACP) as a substitute for the
locality hypothesis. Then, assuming QM, CMR and the
REACP, we prove, as our Theorem 1, that some cor-
relations that are central in Bell’s theory are once dif-
ferentiable at the origin. Under the further smoothness
assumption of twice differentiability of the correlations
at the origin, we get, as our Theorem 2, a contradiction
as in usual forms of Bell’s Theorem. The outline and
details of the proofs of our main theorems are discussed
in the next Section II. Before going into those details, we
discuss here the nature of our hypotheses.
As a first approximation to the REACP the EACP
part of it tells us that an observable value that is regis-
tered, or that would be defined if observable values would
pre-exist to their measurement, cannot change because
of later causes. With this in mind, the “R” in front
of “REACP” means that, contrary to the EACP which
applies to all observables, the REACP is only claimed
to affect those values that are actually measured. One
can already notice that the REACP is at most as strong
an hypothesis as the EACP. Furthermore, we shall show
that the REACP is weaker than locality and that it can
be deduced from the kinematics of SR (which is, anyway,
already part of the traditional Bell’s theorem discussion).
It follows from Theorems 1 and 2 that at least one of
QM, SR, CMR and the extra differentiability assumption
that we make (on top of the proven first degree of differ-
entiability) has to be false. At this point there are two
possible viewpoints:
- On the one hand, one can reasonably assume that said
correlations are in fact twice differentiable. This assump-
2tion is generally considered as mild in physics when, like
in our case, once differentiability has been established.
(An exception is provided by second order phase transi-
tion, but nothing lets us presume that we are in such a
situation.) Moreover, we are, after all, in a context where
all correlations appearing in any theory are either real-
analytic or fail to be differentiable. From this viewpoint,
since we prove once differentiability while twice differen-
tiability yields the contraction that we seek, we can say
that we are one degree of differentiability away from a
relativistic von Neumann no-hidden-variables theorem.
- On the other hand, one can instead argue that such dif-
ferentiable but non-smooth correlations cannot be con-
sidered as particularly unnatural when they involve pos-
sible but not actual measurements, as it happens in our
context (see the outline in Section II below).
At any rate, our theorems show that some “rough” cor-
relations (i.e., correlations that are only mildly smooth,
so in particular not analytic) must be part of any real-
istic theory of the type that we consider. In particular,
notice that Bohm-de Broglie theory, the most developed
and most widely accepted realistic hidden variable the-
ory, is claimed by some of its adopters to retain SR at the
observational level. With such views on SR, this theory
is then included in our analysis (see Section VIII for a
further discussion).
About the nature of the results: Since the inter-
pretation and scope of theoretical explorations such as
the present ones can be very subtle, we want to include
the following clarifications.
First, we warn the reader that some of the functions
relevant to the paper only make sense when assuming
CMR: see the statement after Convention 2. Also notice
that all along this text we liberally speak of functions and
their smoothness despite the fact that we do not assume
non-contextuality (see, e.g., [2]). Even if the correlations
are not defined at once for more than a finite number of
their arguments, one can collect the values in all coun-
terfactual realizations to build the correlation functions
that we study.
Finally, we would like to stress that our arguments
work at the pure theoretical level, namely, we follow the
usual method of testing if a theory satisfying certain hy-
potheses can exist by means of Gedankenexperiments. In
particular, we only consider idealized quantum mechani-
cal settings (e.g. no noise) and, a priori, no claims about
experimental verification are implied.
II. OUTLINE OF THE RESULTS
Our chain of arguments goes as follows. Let us first
recall the well known fact that any four sequences of el-
ements in {−1, 1} must satisfy some inequalities discov-
ered by Boole (in work whose relevance to Bell’s theory
was recognized and first analyzed by Pitowsky [11]). Bell’s
theorem, as it can be read off Bell’s 1964 paper [1], can
then be re-stated as follows: Sequences of spin measure-
ments that coexist if one assumes CMR cannot coexist
when one also assumes locality since, in such case, the
corresponding Boole inequalities do not hold.
1. As in the usual derivations of Bell’s theorem, we
consider sequences of EPR pairs: for each pair the
two particles fly apart so that their detections are
space-like separated events. This is detailed in sec-
tion III. The hypothesis of realism (more precisely,
CMR) is defined in section III. The CMR hypothe-
sis allows us to consider counterfactual measure-
ments, i.e., measurements that could have been
made (instead of the factual ones) using alternative
orientations of the detectors, thus defining func-
tions of the orientation angles.
2. Using effect-after-cause arguments (stemming from
our REACP and defined in section V) we show that
the value of the measurement actually made by Bob
does not depend on whether Alice’s measurement
of the other particle is actual or counterfactual for
a Lorentz observer who sees Bob measurements as
occurring before Alice’s. This implies that three
out of the four correlation functions appearing in
the usual Bell-type inequalities can be computed
explicitly.
3. At the same time, we recall that the four correla-
tion functions must obey Boole’s lemma (section
IV, equations (3)) since, by definition, they corre-
spond to correlations of sequences of ±1.
4. We prove (Theorem 1) that the fourth correlation,
which is an unknown function of three angle dif-
ferences, must be differentiable on the three coor-
dinate axes and, in particular, at the origin where
the differential is zero.
5. We further show (Theorem 2) that if this fourth
correlation is twice differentiable at the origin, then
we arrive at a contradiction. These two theorems
together show that there is a strong constraint on
the type of correlation functions that appear in any
realistic theory of QM which is compatible with the
REACP.
6. Finally, we discuss the REACP (section VII) and
the overall conclusions (section VIII). We show that
the REACP is implied by the kinematic part of SR
(Claim 2) and that it is strictly weaker than the
locality hypothesis (Corollary 2).
III. SETTING AND CONVENTIONS
We consider sequences (pi, pi) of EPRB pairs of spin-
1
2
particles with the singlet state as wave function’s spin
part:
Ψi =
1√
2
(|+〉pi ⊗ |−〉pi − |−〉pi ⊗ |+〉pi
)
.
3The “EPRB” acronym evokes a reformulation by Bohm
[12] of the “EPR paper” [13] using spin- 1
2
particle pairs.
In what follows, corresponding measurements made by
Alice and Bob are assumed to space-like separated (i.e.,
‖∆x‖ > c · ‖∆t‖ for the space and time distances, where
c is the speed of light in the vacuum). These measure-
ments are respectively made by these two agents on the
successive members pi and pi of the successive pairs. By
definition pi is the member of the i
th pair that flies to Al-
ice while pi is the member of that pair that flies to Bob.
Thus Alice measures the normalized projections a = {ai}
of the spins of the (pi)’s along the vector vθa at angle θa
while Bob measures the normalized projections b = {bi}
of the spins of the (pi)’s along vθb . All our vectors belong
to some fixed plane, and the angle θc is measured relative
to a reference vector v0 at angle 0 chosen once and for all
in that plane. We shall set θcd ≡ θc− θd. QM teaches us
that the correlation 〈a, b〉 is given by the twisted Malus
law :
〈a, b〉 ≡ lim
n→∞
1
n
n∑
i=1
aibi = − cos(θab).
A Bell type experiment (i.e, an experiment of the type
considered in Bell’s theory: see [1] and subsequent papers
on the same theme) concerns two sequences of observed
normalized spin projections: a = {ai} and b = {bi}. Pre-
dictive Hidden Variables theories have often been pro-
posed as a mean to obtain a deterministic theory for
micro-physics. The characteristic property of these the-
ories of relevance for us here is the fact that they are re-
alistic, so that observable values have a meaning before
(and in fact independently of) being measured. Instead
of using such theories, as Bell in [1], one tends now (see
e.g., [14] and [15]) to rather use one of the weaker real-
ism assumptions that go collectively under the acronym
of CMR. CMR tells us that all the observables that could
be measured have well defined values. The weakest form
of CMR needed to discuss Bell’s Theory is used in [16]
and [17]. We will stick to CMR to which we have adapted
the following two conventions that go back at least to [1].
Convention 1. We assume that any quantities that
are not measured, but that exist according to CMR and
are co-measurable according to QM, have the values that
would have been obtained if they had been jointly mea-
sured quantities.
It is important to note that Convention 1 allows for
possible contextuality, as opposed to the hypothesis of
the Kochen-Specker theorem.
Convention 2. We assume that the statistical predic-
tions ( e.g., average values and in particular correlations)
are the ones given by QM.
From the CMR hypothesis we extract the existence of
functions
(α, β) 7→ (A(α, β), B(α, β))
where α (resp. β) is the angle that Alice (resp. Bob)
could have used to measure the spin projections and
A(α, β) (resp. B(α, β)) is the sequence of spin projec-
tions thus (conterfactually) measured.
Remark 1. It would be interesting to explore which func-
tional properties A(α, β) and B(α, β) can have and ex-
tract their consequences. For example, it seems reason-
able to expect some form of continuity. Moreover, it could
be interesting to explore the existence of such functional
properties in the context of a concrete realistic interpre-
tation of QM such as Bohm-de Broglie’s theory. We shall
not address these issues in this paper.
Among all possible angles α, β we distinguish the an-
gles that are experimentally (factually) used and we refer
to them as physical angles θa, θb. In terms of the previous
definitions, we thus have a = A(θa, θb) and b = B(θa, θb)
or (a, b) ≡ (a◦◦, b◦◦) for simplicity. We use a left (resp.
right) hollow circle in the superscript of c in {a, b} to
mark that Alice (resp. Bob) has used a physical angle.
We use a filled circle instead to represent the fact that
the sequence so marked is a CMR-dependent sequence of
values (inferred to exist from CMR along a non-physical
angle α 6= θa or β 6= θb). For instance, besides measure-
ments on both elements of each pair, one may consider
the following alternative situations :
[AS1a] Alice could have chosen another angle of pos-
sible measurement θa′ with Bob keeping the angle θb, in
which case they would respectively have obtained the se-
quences a•◦ ≡ {a•◦i } and b•◦ ≡ {b•◦i } (or together the
pair of sequences (a•◦, b•◦)).
[AS1b] Bob could have chosen another angle of pos-
sible measurement θb′ , while Alice kept the angle θa,
in which case they would have obtained the pair of se-
quences (a◦•, b◦•) .
[AS2] Alice and Bob could both have chosen the alter-
native angles θa′ and θb′ , and thus would have obtained
the pair of sequences of counterfactual values, (a••, b••)
that is used in [18].
The word “measured” when applied to one sequence
does not tell us that the corresponding sequence is
known: only the co-measured sequences (a◦◦ and b◦◦)
are assumed to be known. While the two sequences that
make sense together must carry the same super-scripts,
we will also consider mixed pairs such as, e.g., (a•◦, b◦•)
(cf. (3)).
Remark 2. We stress that the sequences which are not
measured have a (physical) meaning only when assum-
ing the CMR hypothesis. Moreover, we also stress the
fact that, to eventually arrive at a Bell-type contradic-
tion, it is essential to have such an assumption ensuring
the existence of the several sequences of ±1’s which are
then bound to satisfy appropriate inequalities (see Boole’s
lemma below). If one only considers theories yielding
probability distributions for outcomes of experiments, the
concrete sequences of ±1’s need not exist and, thus, the
inequalities cannot be used to extract a contradiction. For
further discussions, see [19].
4Recall now that locality means that the outputs (ei-
ther measured or inferred to exist by assuming CMR) do
not depend on the choice of vector made by the other
observer when the measurements by Alice and Bob are
space-like separated. We do not assume locality here as
it is known since [1] that assuming QM, CMR, and local-
ity implies a contradiction (indeed, CMR instead of the
Predictive Hidden Variables used in [1] works the same).
Remark 3. With the set of hypotheses made so far, there
is no reason to expect (as holds true when assuming lo-
cality) that cs1 t1 = cs2 t2 for c ∈ {a, b} and si, ti ∈ {◦, •},
beyond the case when s1 = s2 and t1 = t2. In particu-
lar, eight different sequences could have been generated,
namely a◦◦, b◦◦, a◦•, b◦•, a•◦, b•◦, a••, b••.
Without further assumption than QM, the twisted
Malus law lets us compute 〈a◦◦, b◦◦〉, but when we as-
sume both QM and CMR, more observables values make
sense, and it follows from Conventions 1 and 2 that this
law applies to more pairs, so that we have (see also [18]):
〈a◦◦, b◦◦〉 = − cos(θab), 〈a◦•, b◦•〉 = − cos(θab′ ),
〈a•◦, b•◦〉 = − cos(θa′b), 〈a••, b••〉 = − cos(θa′b′) . (1)
IV. BOOLE’S LEMMA
Consider now the inequalities
|x1 + x2|+ |x3 − x4| ≤ 2,
|x1 − x2|+ |x3 + x4| ≤ 2.
The points in R4 that satisfy both inequalities define a
polytope P ⊂ I4 ⊂ R4, where I = [−1,+1]. Let us recall
[20], [11]:
Boole’s Lemma . With u, x, v, and y denoting se-
quences of numbers in {−1, 1}, the inequality
| 〈u, x〉+ 〈v, x〉 |+ | 〈u, y〉 − 〈v, y〉 | ≤ 2 (2)
holds, provided that the limits defining the 4 correlations
involved in (2) exist.
Notice that we could apply Boole’s lemma to all cor-
relations associated to the sequences a◦◦, b◦◦, a◦•, b◦•,
a•◦, b•◦, a••, b•• obtained before. However only four of
these correlation are used together. Also, following a
tradition that goes back to [21], we only consider corre-
lations of the form 〈as1 t1 , bs2 t2〉. Since all the sequences
that we consider in these correlations have values in
{−1,+1}, it follows from Boole’s Lemma under standard
convergence hypotheses that one has the CHSH inequal-
ities [21]:
| 〈a◦◦, b◦◦〉+ 〈a•◦, b◦◦〉 |+ | 〈a◦◦, b◦•〉 − 〈a•◦, b◦•〉 | ≤ 2
| 〈a◦◦, b◦◦〉 − 〈a•◦, b◦◦〉 |+ | 〈a◦◦, b◦•〉+ 〈a•◦, b◦•〉 | ≤ 2.(3)
With the hypotheses that we have made so far, the
correlations 〈a•◦, b•◦〉, 〈a◦◦, b◦•〉, and 〈a•◦, b◦•〉 are all un-
known to us and three of the known correlations (1) still
cannot be used.
In the next section, we will introduce a principle that
allows us to relate the correlations appearing in the in-
equality (3) with those of (1). Geometrically, the CHSH
inequalities state that the 4-tuple of correlations appear-
ing in both of them must lie in the polytope P defined
above.
V. THE RESTRICTED EFFECT-AFTER-CAUSE
PRINCIPLE AND ITS CONSEQUENCES
In what follows we are dealing with observables whose
measured values are registered so that changes of said
values that would happen after measurement could be
compared to the original values.
The restricted effect after cause principle (REACP)
states that, for any Lorentz observer, the registered value
of an observable cannot change because of further choices
that are made after registration.
In particular, the REACP states that, for any Lorentz
observer, the registered observable value for a physical
choice of angle cannot change because of further choices
that are made after that.
We shall prove later (section VII) that the REACP is
a direct consequence of SR. When assuming the REACP
we do not ask from CMR-dependent values the same that
is asked from actual values that are generated by mea-
surements because of the following simple observation (in
the spirit of the title of a famous short paper by Peres
[22]):
- What happens may have consequences but what could
have happened (at the atomic scale at least) has no con-
sequences (on the subsequent actual world).
- In particular,“Only an actual measurement by Alice
may have an effect on the sequence measured by Bob, and
vice versa.”
Remark 4. It is important to notice that, even in a Bell-
type setting in which what is to be measured is picked
randomly, the assumption of the REACP only applies to
the value of the only physically measured quantity and
not to the other possible ‘hidden values’ of the underlying
realistic theory. The fact of being measured, even when
picked randomly, distinguishes the registered value from
the rest and it is on this registered value that the REACP
poses any constraints. From this perspective, the REACP
is clearly weaker than standard locality, which involves all
possible measurements. (See also Section VII.)
Remark 5. The REACP is the EACP of [16], [17] re-
stricted to actual measurements. The definition of the
EACP seems excessively convoluted, something impor-
tant here since we shall use a lot the specialization of
that principle in the form of the REACP. One may wish
to replace the EACP by some lighter principle, such as,
5“a measurement value, be it factual or realism based, can
only depend on what happens in the past cone of the mea-
surement or of the more general observable value attri-
bution”. When using such a definition, one can compute
the same correlations that one accesses when assuming
locality. While some would say that locality is neverthe-
less a stronger statement that such a “gentle EACP” (be-
cause locality tells us that no future cone event whatsoever
can matter), it appears that, as far as applications to the
EPRB setting are concerned, locality and such a “gentle
EACP” amount to the same sets of technical assump-
tions. In particular, by using the right combination of
Lorentz observers, one can give a meaning (and the value
cos(θa′b′) that is implied by assuming Locality) to the cor-
relation between the values that depend on the CMR on
both Bob’s and Alice’s sides (the correlation that below
we denote 〈a•◦, b◦•〉).
We require that measurements for physical angles
be Lorentz invariant; more precisely, we require that
a◦◦, a◦•, b◦◦, b•◦ do not depend on the Lorentz observer
(we do not ask anything for the other measurements).
Recall now that in order to use inequalities (3) we need
to compute 〈a•◦, b◦◦〉, 〈a◦◦, b◦•〉 and 〈a•◦, b◦•〉, or at least
we need to know enough about these correlations.
Claim 1. The REACP implies that b•◦ = b◦◦ and a◦• =
a◦◦.
Proof. This claim follows from choosing different Lorentz
observers, as we now explain.
- (i) Consider one Lorentz observer for which the mea-
surements made by Bob happen before the corresponding
ones made by Alice. The REACP tells us directly that
no change later performed by Alice can affect the mea-
surement done by Bob, meaning that his measurement
b•◦ = B(θa′ , θb) only depends on the physical angle θb
chosen by him. Namely, we get that B(θa′ , θb) is indepen-
dent of θa′ and, since we assume that this measurement
is Lorentz invariant, that b•◦ = B(θb) = b
◦◦.
- (ii) Considering instead another observer for whom
Alice measures before Bob on corresponding particles, we
get a◦• = a◦◦ mutatis mutandis.
Corollary 1. Assuming QM and CMR it follows
from the REACP and equations (1) that 〈a•◦, b◦◦〉 =
〈a•◦, b•◦〉 = − cos(θa′b) and that 〈a◦◦, b◦•〉 = 〈a◦•, b◦•〉 =
− cos(θab′).
VI. MAIN CLAIMS
We shall prove some weak regularity properties of
the correlation 〈a•◦, b◦•〉 as a function of certain angle
quadruplets. We shall also prove that we get a contra-
diction if we further make the mild assumption that this
function is a bit more regular.
Let us set T ≡ [−pi, pi]/(−pi ∼ pi) and I ≡ [−1, 1].
There is a function C : T 4 → I4 which represents how the
following correlations depend on choices of quadruplets
of angles θ = (θa, θa′ , θb, θb′) in T
4. We have:
C(θ) = (〈a◦◦, b◦◦〉 , 〈a•◦, b◦◦〉 , 〈a◦◦, b◦•〉 , 〈a•◦, b◦•〉)
= (− cos(θab),− cos(θa′b),− cos(θab′ ), 〈a•◦, b◦•〉 (θ)).
Observing that (θab+θa′b′)−(θab′+θa′b) = 0 we consider
the variables θ1, θ2, θ3, and θ4 defined as:
θ1 = θab, θ2 = θa′b, θ3 = θab′ , θ4 = θ1 − (θ2 + θ3).
Let us denote by θ the triplet of angle differences
(θab, θa′b, θab′), so that θ = (θ1, θ2, θ3). Also, let:
Q+ = {θ = (θ1, θ2, θ3) ∈ R3 : 0 ≤ θi ≤ pi, i = 1, 2, 3} ,
and consider the function F4 : Q+ → R defined by
F4(θ) = 〈a•◦, b◦•〉.
The CHSH inequalities (3) then become
| − cos(θ1)− cos(θ2)|+ | − cos(θ3)− F4(θ)| ≤ 2
| − cos(θ1) + cos(θ2)|+ | − cos(θ3) + F4(θ)| ≤ 2, (4)
for the unknown function F4.
Proposition 1. Assume F4 is a function that satis-
fies (4). Then F4 is differentiable at 0 = (0, 0, 0) and
DF4(0) = (0, 0, 0).
Proof. From (4) and the definition of F4 it follows that
F4(0) = −1. Moreover, for θ close to 0, the CHSH in-
equalities imply: |F4(θ)+1| ≤ 3−cos θ1−cos θ2−cos θ3 .
Dividing by the norm of θ, we get a quotient that clearly
goes to zero as θ → 0.
Remark 6. Following the proof above, it is easy to infer
the more general result that F4 is differentiable at any
point θei ∈ Q+ (with ei ∈ R3, i = 1, 2, 3 the standard
basis vectors) with DF4|θei = sin(θ)ei. Moreover, one
can also show that the second order variation |F4(θ) +
1|/‖θ‖2 remains bounded as θ → 0.
In terms of the physical setting, we have shown:
Theorem 1. Suppose [QM+CMR+REACP ]. Then,
〈a•◦, b◦•〉 is differentiable at 0 = (0, 0, 0) with zero dif-
ferential.
We now show that, assuming mild further regularity of
F4 at 0 ∈ Q+, a Bell-type contradiction arises. For that,
we first need a short lemma that follows from QM and
CMR.
Lemma 1. Assuming [QM+CMR], then F4(θ, θ, θ) =
− cos(θ).
Proof. By direct computation using the definitions, θi =
θ ∀i = 1, 2, 3 implies that θa′ = θa and θb′ = θb. So,
in such case, we have a•◦ = a◦◦ and b◦• = b◦◦, so that
〈a•◦, b◦•〉 = 〈a◦◦, b◦◦〉 = −cos(θ) by the twisted Malus
Law.
6Proposition 2. Assume that F4 is a function satisfying
(4), that F4(θ, θ, θ) = − cos(θ) and also that F4 is twice
differentiable at θ = 0. Then, it follows that 3 = 1.
Proof. We illustrate the main point of the proof by as-
suming that F4 is a degree 2 polynomial near θ = 0,
whence F4(θ) = −1 +
∑
i ciθi +
∑
i≤j cijθiθj , (the gen-
eral case follows readily by using the elementary theory
of Taylor polynomials.) We accordingly replace the func-
tion − cos(x) by its order-two approximating polynomial
−1 + 1
2
x2. By Proposition 1, all linear coefficients must
vanish: ci = 0 for i = 1, 2, 3. Next, it is not hard to
check that if |z| ≤ 1, |w| ≤ 1 and |1 ± z| + |1 ∓ w| ≤ 2
then z = w (cf. [18]). In this way, we thus obtain that
c11 =
1
2
by considering θ = (x, 0, 0). Analogously, we
obtain c22 = c33 =
1
2
. Now, taking θ = (x, x, x) and
noting that F4 coincides with the cosine on the diagonal,
we have:
1
2
+
1
2
+
1
2
+
∑
i<j
cij =
1
2
. (5)
To finish the proof, we show that cij = 0 when i < j.
For that purpose, consider the second order terms in the
CHSH inequalities, taking θ = (0, x, kx) (with x small
and kx also small but fixed); we get that for all k:
2− 1
2
x2 +
∣∣∣∣
1
2
x2 + c23kx
2
∣∣∣∣ ≤ 2 + o(x2) .
Canceling the 2 from both sides, dividing by x2 and tak-
ing k arbitrarily large, we see that the inequality holds
only when c23 = 0. The equalities c13 = 0 = c23 are
shown in the same way. Therefore, equation (5) implies
that 3 = 1.
Remark 7. It is interesting to notice that a similar argu-
ment can be applied for other angle configurations θ 6= 0
which correspond through C to vertices of the polytope P
defined by the inequalities.
Our main result now follows by combining Lemma 1
and Proposition 2:
Theorem 2. Suppose [QM+CMR+REACP ] and that
〈a•◦, b◦•〉 is twice differentiable at θ = 0 as a function
restricted to Q+. Then, it would follow that 3 = 1.
Assuming one extra degree of differentiability for a cor-
relation that we prove differentiable would appear a pri-
ori much weaker than assuming the first degree of differ-
entiability. Since, as we shall see in §VII, REACP is a
consequence of SR, Theorem 2 tells us that either CMR
is false or the correlation 〈a•◦, b◦•〉 is twice differentiable.
The following three remarks are formulated under the
assumption that CMR holds true.
Remark 8. Notice that Proposition 2 implies a Bell-type
contradiction whenever one can be sure that 〈a•◦, b◦◦〉 and
〈a◦◦, b◦•〉 are given by the twisted Malus law. In this pa-
per, we showed that the REACP leads to this conclusion
and it would be interesting to find other such hypotheses.
Remark 9. Since Theorem 2 only requires functional
regularity when restricted to Q+, it also holds when the
correlation 〈a•◦, b◦•〉 or its derivatives are allowed to
jump as some of the θi’s (i = 1, 2, 3) changes sign; in
particular, Theorem 2 can be applied to correlations that
depend on absolute values of corresponding angle differ-
ences.
Remark 10. An example of a correlation function
that escapes the contradiction of Theorem 2 is given by
〈a•◦, b◦•〉 having the value −cos(θ) when θi = θ ∀i =
1, 2, 3 and −cos(θ1)cos(θ2)cos(θ3) otherwise. As in this
example, a function escaping the contradiction must have
’jumps’ when varying the direction of the vector θ ∈ R3.
VII. THE REACP AND SPECIAL RELATIVITY
We first show that the REACP is weaker than SR,
something that we could not prove (so far) for the effect
after cause principle of [16] and [17].
Claim 2. The REACP is implied by SR, and more
specifically by the impossibility of sending superluminal
messages.
Proof. To prove this statement we show that the nega-
tion of the REACP allows superluminal signaling. To fix
the ideas, assume that two slots −1i and +1i are asso-
ciated to the i-th event in a sequence of events labeled
by i. The result of an experiment is then marked by
putting a slot marker in one of these two slots. Thus, if
the REACP fails, the marker of some slot would move
because of later manipulations in the time frame of some
Lorentz observer. Even if only some sufficient proportion
of slots would get removed or displaced, standard error
correcting techniques [23] by repetition of symbols and
intertwining of words (to better correct bunched errors)
would allow to send YES or NO messages with high prob-
ability backward in time, which is the basic form of su-
perluminal transmission. This argument also shows that
the negation of the REACP is stronger than the negation
of SR, so that the REACP follows from SR. This proves
Claim 2.
On the other hand, we know (see, e.g., [24]) that the
negation of locality does not imply the possibility of
transmitting superluminal messages (symbolic sequences
with information content). From that we deduce the fol-
lowing result:
Corollary 2. The conjunction of the REACP with the
regularity hypothesis of Theorem 2 is strictly weaker than
locality when assuming [QM +CMR].
VIII. DISCUSSION AND CONCLUSIONS
In conclusion, Theorems 1 and 2, Claim 2, and Corol-
lary 2 taken together express a non-realism statement
7that is real progress on the traditional form of Bell’s
Theorem. As Mermin states in [2](page 812), locality
is a more compelling assumption than non-contextuality.
From this point of view, our results should also be com-
pared with the quite interesting Bell-Kochen-Specker
type results that have flourished recently. Indeed, for
those who believe in both QM and (the kinematics part
of) SR and are willing to sacrifice CMR, the only small
gap that remains to achieve a full replacement of von
Neumann’s faulty theorem is one degree of differentia-
bility for one of the correlations that come up in Bell’s
theory, a correlation that we do prove to be differen-
tiable at 0, in contradiction with what one expects from
a CMR-compatible correlation [25].
For those who want to keep CMR as part of a de-
scription of the Quantum world while preserving (the
kinematics part of) SR, our result constrains the kind
of correlation functions that could appear in such theo-
ries. In particular, it would be interesting to know the
implications of the present work in Bohm-de Broglie’s
interpretation of QM. Although traditional formulations
of Bohmian mechanics seem to be fundamentally incom-
patible with Special Relativity, recent work by Du¨rr et
al, [26], suggests a “formulation of Bohmian theories that
seem to qualify as fundamentally Lorentz invariant”. In
that case, even if the underlying correlations are not fully
computable, it would be interesting to infer some of their
qualitative properties and compare them with the restric-
tions expressed in Theorems 1 and 2; as well as to de-
duce the physical meaning of the mandatory ‘jumps’ in
the correlation 〈a•◦, b◦•〉 within that interpretation.
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